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ISOPERIMETRIC ESTIMATES IN LOW DIMENSIONAL
RIEMANNIAN PRODUCTS

JUAN MIGUEL RUIZ AND ARELI VAZQUEZ JUAREZ

ABSTRACT. Let (T%, hy) = (S}, x S}, x ... x S}, dt? +dt} + ... + dt}) be flat tori,

T > ... >ro > 11 >0 and (R", gg) the Euclidean space with the flat metric. We
compute the isoperimetric profile of (T2 x R" hy + gg), 2 < n < 5, for small and
big values of the volume. These computations give explicit lower bounds for the
isoperimetric profile of 72 x R™. We also note that similar estimates for (7% x
R™ hi +gg), 2 < k <5,2 <n <7-—k, may be computed, provided estimates
for (T*=1 x R"*! h;_1 + gp) exist. We compute this explicitly for k¥ = 3. We use
symmetrization techniques for product manifolds, based on work of A. Ros ([19])
and F. Morgan ([10]).

1. INTRODUCTION

The isoperimetric problem is a classical question in differential geometry. An isope-
rimetric region of volume ¢, 0 < ¢ < V"*(M), in a manifold (M", g), is a closed region
Q of volume V"(2) = ¢, such that its boundary area is minimal among the compact
hypesurfaces > C M enclosing a region of volume t. Throughout the article, the
volume of a closed region {2 C M"™ will mean n—dimensional Riemannian measure of
2 and we will refer to them as V"(€2). On the other hand, the area of a closed region
2 in the manifold M™ will mean the (n —1)—dimensional Riemannian measure of 02
and and we will denote it by V"~1(9Q).

Given a Riemannian manifold (M", g) of volume V', the isoperimetric function or
isoperimetric profile of (M, g) is the function I(az4) : (0,V) — (0, 00) given by

Ing(t) = inf{V* 1 (9U) : V"(U) = t,U C M™, U a closed region}.

Note that the isoperimetric profile may be defined for manifolds of infinite volume.
We will simply write Ip; when the metric ¢ is understood from context. A more
detailed treatment of this subject may be found in [19)].

Although a classical problem, the isoperimetric profile is known for very few mani-
folds. It is known explicitly, for example, for space forms (R", gg), (S™, g0), (H", g1),
where gg, go and gy are the Euclidean, the round and the hyperbolic metrics, respec-
tively. Other examples include cylinders of the type (S™ x R, go + dt?) by the work of
R. Pedrosa [13], and for the Riemannian product of a low dimensional space form with
Stie., (ST xR, dt?*+gg), (S' x S™, dt*+go), (S' x H", dt* + gg) (2 <n < 7), by the
work of R. Pedrosa and M. Ritoré [14]. Other results in this direction include lower
bounds for isoperimetric profiles or characterizations of isoperimetric regions, see for

example, [II], [I2], [I5] and [I7]. Nevertheless, for many seemingly simple products
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like (S% x R? gy + gg) or (S x ST x R?, dt* + ds* + gg), the explicit isoperimetric
profiles are not known.

Let (T2 hy) be a standard flat torus, 7% = R?/T', with T the orthogonal lattice
generated by {(27ry,0), (0,277r3)}, 71,79 > 0. For example, the precise isoperimetric
profile of (T? x R, hy + dt?) is not known, and is conjectured to be a profile generated
by regions such as spheres (B%), cylinders (B% x [0,7]) and planes (7% x [0,7]),
R,r > 0. This conjecture was proven to be true for small volumes 0 < v < vj, for
some v} > 0 by the work of L. Hauswirth, J. Pérez and A. Ros, in [6]. Moreover, one
may notice that the conjecture is also true for big volumes v > v{*, for some vj* >
0, through an immediate application of the Ros product Theorem ([I9], Theorem
3.7), and a comparison with the isoperimetric profile of S? x R, computed by R.
Pedrosa [13]. More precisely, let (72, h) be the flat torus with lattice generated by
{(2y/7,0),(0,24/7)}. By direct computation V?(T?) = 47 = VZ(5?) and I < I7e.
Being S? a model metric, we may apply the Ros product Theorem to the inequality.
This yields Ig24r < IT24R-

Now, let B} C R" denote a ball of radius R > 0, and let f, : [0,00) — [0, 00) be
the function given by

(1) falv) = V"HO(T? x By)),

with R such that v = V""2(T? x B%). With this notation, since 7% x B} are actual
closed regions in T? x R, one has

Is2,r(v) < Ip2yr(v) < fi(v).
Explicit computations of gz in the before cited work of R. Pedrosa [13], show that
for v > v**, Is2r(v) = f1(v), with v™* ~ 16.66. It follows that Irz2.g(v) = fi(v) for
v > v,
We may resume the above discussion in the following Theorem.

Theorem 1.1. (Theorem 18 in [6], together with [I3] and [19])

Let (T?, h) be a standard flat torus, T? = R?/T", with T the orthogonal lattice gener-
ated by {(24/7,0),(0,2\/7)}. There are some v}, vi* > 0 such that the isoperimetric
profile of (T? x R, h + dr?) satisfies the following. For v < v}, Ipz,g(v) = Igs(v)
and for v > vi*, Ir2gge(v) = f1(v). Ezplicit estimates are vi = 322{# ~ 6.91 and
v~ 16.66.

In this article we paint a similar picture for the Riemannian manifold (72 x R™, hy +
gg), for 2 < n <5 and gg the Euclidean metric on R"™. Our first result is the following.

Theorem 1.2. Let (T2, hy) be a standard flat torus, T? = R? /T, with T the orthogonal
lattice generated by {(0,27ry), (27r2,0)}, 0 < r < 1. For 2 < n < 5, there are
some U and U such that the isoperimetric profile of (T* x R", hy + gg) satisfies the
following. For v < 0F, Ip2ygn(v) = Igixgn+1(v) and for v > 05, Iz gn(v) = fr(v).

Moreover, our proof gives simple formulas to compute explicit lower bounds for v,

and upper bounds for v}, as functions only of n,r;, 5. For example, a lower bound
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FIGURE 1. Before v ~ 2.7 and after v3* ~ 55.8, the isoperimetric
profile of (7% x R?, h + gg) is known precisely. In the interval between
vy and v3*, is bounded above and below. See example for details.
(T? h) is a standard flat torus, T? = R?*/T", with T' the orthogonal
lattice generated by {(2+/7,0), (0,2v/7)}. gg is the Euclidean metric.

for 03" is vy = max{an, by}, where a, is such that Is; xgn+1(an) — fu(an) = 28,(r1),
and b, such that Igy xwn+1(bn) — fa(bn) = 2B4(r2). Ba(r) being given by eq. .

On the other hand, an upper bound for ¢} is v} = min{c,,vs}, where vy, =
min{V"2(S;, x Bpih), V2 (Bri?)} and c, is such that Iy xsp xensi(cn) = K7,
where K* > 0 is given by Lemma See the proof of Theorem for details on
these estimates. Numerical estimates for v; < 05 and v3* > 5 for ry = r, = 1 are
vy ~ 5.25, and v3* ~ 70.12.

The bounds for v and v;* we give are not optimal. In fact, we conjecture that
Uy, =0, That is, sy w1 xwn (V) = Lsp(v), where Iygp(v) = min{Igy wrnt1(v), fu(v)}.

Through the same symmetrization techniques one can obtain corresponding results
for T2 x R", based on the estimates for the isoperimetric profile of T? x R™. We first
define a corresponding function for the area of regions of the type V"3 (9(T? x BR%)).
Given a volume v consider the function g, (v) = V" ™2(9(T? x B})), with R such that
V(T3 x BR) = w.

Theorem 1.3. Let (1%, h3) be a standard flat k-torus, T° = S} x S} x S}, r <
ro < r3. Let 2 < n < 4. Suppose that there are some v}, vy, with v}* > v > 0,

such that the following is satisfied. For v < v, Igglxsggxw (v) = [Sglvaﬁ-l(U). For

v >, 15%1x522an(U) = fa(v).
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Then, there are some @), w,”, with u;* > u; > 0, such that the following is satisfied.

ny» “'n

For v S ﬂ;, [5'7}1 xRn+2 (’U) = IS}1><S}ZXS}3><R" (’U) And fO’f”U Z lNL;kL*, [S}le}QXS}3XR" (’U) =
gn(v).

The proof of Theorem gives explicit estimates for lower bounds for « and
upper bounds for u)*, based on those for v} and v}*. Of course, one may combine
the ideas behind the proofs of Theorems and in an inductive way and obtain
corresponding results for TFxR", 2<k<5 2<n<7—k, based on the estimates
for (TF=1 x R™ h+ gg).

The fact that, for big volumes, regions of the type M x B}, are isoperimetric regions
of manifolds the type M* xR, where M* is compact, was known to be true in general
(see for example the work of J. Gonzalo [4]). Nevertheless, no explicit estimates of
how big the volume should be, in order for this to happen, were known. On the other
hand, isoperimetric regions with small volumes were studied in the case 72 x R, in
[6], using symmetries and properties exclusive of three manifolds. Our approach is
different, based on symmetrization techniques like the Ros product Theorem [19] and
others introduced by F. Morgan in [10]. We also treat the more general case T2 x R™.

Estimates for v} and v}* give a good understanding of the general shape of the
isoperimetric profile of (T? x R™ hy + gg). For example, figure (1| shows lower and
upper bounds for the graphic of the isoperimetric profile of (T2 x R? h + gg); based
on computations of v; and v3*.
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[A106918. The authors would like to thank Professor Adolfo Sanchez Valenzuela and
CIMAT Meérida for their hospitality, where part of this work was done. We would
also like to thank Professor Mario Eudave Munoz from IMATE-UNAM Juriquilla, for
useful comments on the subject.

2. NOTATION AND BACKGROUND

Existence and regularity of isoperimetric regions is a fundamental result due to the
works of Almgren [1], Griiter [5], Gonzalez, Massari, Tamanini [3], (see also Morgan
[9], Ros [19]).

Theorem 2.1. Let M™ be a compact Riemannian manifold, or non-compact with
M/G compact, being G the isometry group of M. Then, for any t, 0 < t < V (M),
there ezists a compact region @ C M, whose boundary ¥ = 0§ minimizes area
among regions of volume t. Moreover, except for a closed singular set of Hausdorff
dimension at most n — 8, the boundary ¥ of any minimizing region is a smooth
embedded hypersurface with constant mean curvature.

Note that 72 x R™ has no boundary, and is compact if it is acted upon by its
isometry group. Also since we will only be dealing with the cases n + 2 < 7, every
hypersurface ¥ enclosing an isoperimetric region will be smooth and of constant mean
curvature (CMC). Throughout the article, B}, will denote an n-dimensional ball of
radius R in R™.
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We will work only with Tori that are Riemannian products: (77, g2) = (S, X
S), ds* +dt?) or (T°,g3) = (S}, x S}, x S}, ds® 4+ dt* + du?), for some r1,79,735 € RY.
Without loss of generality we will assume r < ry < r3.

The isoperimetric profile of the Riemannian product S! x R™, 2 < n < 7 is well

known, by the work of Pedrosa and Ritoré (Theorem 3.5 in [I3]) and is given by

1
SR S
2) Tgp g (v) = { (L )T omn, i v < 6,(r)
n n (27T7’wn_1)nv no if o> 6n(7~)

where w, = V"(S™) and

2

(3) Ba(r) = DD (2mrew, )1+ n) T w,

n

Note that f3,(r) depends only on n and r. For fixed r and n, 3,(r) is the critical
number such that for volumes less than 3, (r), balls Bt C S!xR™ are isoperimetric;
while for volumes greater than 3,(r), regions of the type S} x Bp C S' x R™ are
isoperimetric. The isoperimetric profile is continuous. We will denote by «,,(r) the
area of the isoperimetric regions of volume f3,,(r); this is, a,(r) = Isirn (B (7))

3. THE ISOPERIMETRIC PROFILE OF T2 x R"

It was conjectured in [6] that the isoperimetric profile of T2 x R is composed of
three parts: for small volumes, the solutions of the isoperimetric problem are spheres
(B%), then, for intermediate volumes, cylinders (S' x B%), then, for big volumes,
planes (7% x Bj). This was called the I, profile (spheres-cylinders-planes). The
conjecture is then that Ip2yp = Is. In the same article, the conjecture was proven
to be true for small volumes. The solutions were also proved to be unique and their
proof included tori of other types, more general than only orthogonal tori.

We propose a similar conjecture for 72 x R™: for small volumes, spheres BI’??
are isoperimetric regions, for intermediate volumes, cylinders (S* x BEH), and for
big volumes, planes (7% x B%). We will also call this the I, profile. We will not
discuss uniqueness of solutions to the isoperimetric problem. Our results make use of
equation , so that in the following, n is an integer such that 2 <n < 7.

Let © be an isoperimetric region in 7? x R® = Sﬂl X 37}2 x R™. We may parameterize
S} by [0,27r] and consider the slices ¢, t € [0,27 7y),

Q=N ({t} x S, xR").
Then for each slice €;, we may compute its (n + 1)-volume and define a function
Fy :[0,27ry] — R, by Fi(t) = V") and Fy(27ry) = V™).
Similarly, one may parameterize S}, by [0,277ry) and consider the slices Q, s €
[O, 27’(’/“2)2
Q, =QnN (S} x {s} xR").
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Likewise we may define Fy : [0, 27 ry] — R, by Fy(s) = V" (Q,) and Fy(27ry) =
VL (Qp). Of course, both F} and F, are continuous. Let 6, and 6y, and o, and
o, denote the minimum and maximum values of F(t) and of Fy(s) respectively.

We start with the following.

Lemma 3.1. If0,, =0 or g,, =0, then
s s (VF2(Q) < V7 (00).

Proof. Suppose 0,, = 0. Let t, € [0,27r1] be such that Fi(ty) = 6,, = 0. We
construct a new closed region Q* C [to, %o + 2mr1] x S}, x R", in the following way.
For t € [0,27ry), let Qf ., = Q. Also, let Qf ., = Q. That is, we are adding a
copy of Q, at {to 4+ 2mr} x S} x R™. Since, by hypothesis V" (Q;,) = 0, we then
have V"1(0Q) = V*1(90*) and V™ (Q) = V™ T1(Q*). Note also that Q* is a closed
region in R x S} x R™, by continuity of Fy. It follows that

() Lop st (VD) = gy s (V2(Q0)) < VH(OQ7) = V(9).

Finally, since r; < ry, egs. and imply
T et (V) s e (V42(@)) < V70100,

The proof of the case Fy(sg) = 0 is very similar, as in this case {2 can also be
embedded isometrically in Sﬁl x R x R™ as a closed region, by adding an (n + 1) zero
measure set {),,. Hence in this case we also have [SAIX]R”H(V”“(Q)) < VnHL(0).

O

Lemma 3.2. If 0y < B,(r2) or oy < B,(r1), then IgglanH(V"“(Q)) < VHHO0).

Proof. We will suppose 0y < S,(r2); the proof of the case oy < f3,(r1) is similar.
We will also suppose #,, > 0 and o,, > 0 since the case #,,, = 0 or o,, = 0 is treated
in Lemma B.1]

The idea is to symmetrize the isoperimetric region {2 as in the proof of the Ros
Product Theorem ([I9]). We construct a new region Q* C S}, x S} xR" by replacing
cach Q, C {t} x S}, xR™ with an isoperimetric region in {¢} x S}, x R™. That is, we let
Op = {t} x By, where R(t) > 0 is such that V™"*'({t} x Bp)) = V"*!(Q). Since
Orr < Bn(r2), then V" (Q,) < B,(ry) for each ¢ € [0,277;) and hence {t} x BZ&% C
{t} x S}, x R™ for each t.

Also, since F(t) is continuous, the region Q* is closed in S} x S} x R". Note also
that by construction V" 2(Q*) = V2(Q).

Recall from eq. that for v < 8,,(r2), Isy «ra(v) = Igns1(v). Since Oy < Bu(r2),
it follows that for each t € [0, 27r):

Vo)) = V”“(@Bg&) = Ipntt (V"P2(Qy)) = Isgszn(V”“(Qt)) < VT (09,).
Arguing as in the proof of the Ros Product Theorem, from the last inequality we get
Vi (00F) < VHLH(0Q).
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Moreover, since V"2(Q*) = V"*2(Q) and Q* is a closed region in S}, x R**!, we have
oy st (VP2()) = Ty, e (VV2(0)) < VI (007) < V7 (00)

Since 7 < r9 the conclusion of the lemma follows.

Recall the definition of f,(v) by equation (I]). We prove the following.
Lemma 3.3. If 0,, > B,(r2) or o, > B.(r1), then
Vr(9Q) = £ (V).

Proof. We will prove the case 0,, > (3,(r2). The other one is similar.

Recall from eq. that for v > 3,(r2), isoperimetric regions in S}, x R™ are of the
type S;, x Bj. This means I «rn(v) = VI(S},)V"1(0B}), for some R > 0 such
that v = V(S )V"(B}). We symmetrize the isoperimetric region  as in the proof
of the Ros Product Theorem: we replace each €, in {t} x SﬂQ x R™ by a product of
S,, and ball Bf,, C R™ such that V(S )V"(Bj,) = V(). We denote the new
region in S} x S} x R™ by Q*. Since Fy(t) is continuous, and for each ¢ we are using
a region of the type 5%2 X Bg(t), the region 2* is closed in Sq}l X S,%Q x R™. Note also
that V" 2(Q*) = V"*2(Q). And, since for each ¢ € [0,277r;) we have

VO = Lgp e (V7 () < V7(00),
it follows from the Ros product Theorem that
(5) Vo) < V(09).

We now symmetrize Q* C S x S}, x R" with respect to the other factor, S; . We
parameterize S; by [0,27 r5) and consider the slices Q%, s € [0, 27r):

Q=N (S, x {s} xR").
For each slice we may compute its (n + 1)-volume and define a function G :
0,277r5] — R, by G(s) = V" (QF) for [0,27r) and G(27ry) = V™(Q). Note
that G is continuous. Moreover, by construction, for each ¢ and any sq, s € [0, 27rs],

{t} x {s1} x By = {t} x {sa} X Bpy-
This implies that both slices 2} and €2, have the same volume. It follows that G/(s)
is constant.
We now claim that G(s) > (,(r): by hypothesis 6,, > £,(r2), which implies

(6) Vm—z(Q) > Vl(Sm)ﬁn(m)'
If the claim were not true, then G(s) < f3,,(r2) and we would have
VIEQY) = VI(S,,)G(s) < VH(S)Bulra),

which is ruled out by inequality (), since V" 2(Q*) = Vr2(Q).
We now construct a new region Q** C S} x S} x R" by letting each slice Q* =
S} x {s} x B, where Ry is such that V!(S} )V (B} ) = G(s).
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Since G(s) is constant, then Ry is constant, and we get V" 2(Q*) = V"2(Q*) =
V™+2(Q)). Moreover, by continuity of G(s), the region Q** is closed. And since
G(8) = Bn(ra), we have

VHOQT) = V™(O(S,, x {s} x Bg,)) < V"(0)).

Hence, using the Ros Product Theorem we get V"1 (9Q*) < V" 1(9Q*). And
together with eq. :

VI OQ™) < VL OO < VT (09).
Finally, by construction, we have that in fact
O™ =5} xS} x B}
It follows that
f(VP2(Q)) = V”“(@(S},1 X SﬁQ X Bp)) = VL (0Q) < VP 0).

Being ) isoperimetric, we conclude that f,(V""2(Q)) = V"1(90Q).
U

We now prove that the case 0 < 6, < B,(r2) < Oy and 0 < 0, < Bu(r1) < om
cannot occur for small areas of €2.

Lemma 3.4. Suppose that 0 < 0,, < B,(r2) < 0y and 0 < 0, < B,(r1) < oar occurs.
Then there is some K* > 0 such that V"1(0Q) > K*. Moreover, K* is independent
of Q and depends only on ri,ry,n. In particular, is given by

(7) K* = max{V'(5}) Ipn+1(67),V'(S})) Ign1(c*)},
where 0% € (0, B,(r1)) is such that

(3) SV (S e (0%) 4 6° = B (),

and o* € (0, B,(r2)) such that

9) SV(Sh) s (0%) + 0" = ().

Remark 3.5. Since ry and ry are fized, equations (@ and (@ are algebraic equations

of the type a pie +x = b, with a,b,n > 0. It is straightforward to check that a
solution exists and is unique for each equation.

Proof. We follow a construction by F. Morgan [10], which estimates lower bounds
for isoperimetric profiles of products. We consider the product of (S} ,dt?) with
(S} x R™ ds* 4+ gg). We start by defining a product manifold (0,V;) x (0,00) C
R?, where V; = V!(S} ). And we equip this 2-dimensional manifold with a model
metric in the sense of the Ros product Theorem ([19]). (0,V;) and (0, 00) will have
Euclidean Lebesgue Measure and Riemannian metric %ds and (ﬁ)dr respectively,
where h(z) = Igy sgmti ().

To show that this is in fact a model metric, it suffices to prove that in each interval,
(0, V1) and (0, 00), intervals of the type (0,%), ¢ > 0, minimize perimeter, among closed
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sets S of given Euclidean length ¢. For the interval (0,00) this holds because h(z)
is nondecreasing. On the other hand, for the interval (0,V}), we argue as follows.
Suppose S C (0, V1) is a closed set of perimeter ¢, that is not of the type (0,t); then
it must be a locally finite collection of closed intervals; then an interior interval must
be at least borderline unstable, because the factor % is constant. We conclude that S
does not minimize perimeter.

Minkowski content on (0, V}) and (0, 00) counts boundary points of intervals with
density 2 and h(x), respectively. Similarly, Minkowski content on (0, V;) x (0, 00) has
perimeter measured by

(10) ds® = h*(vy)dv? + 2%dvs.

It follows from the proof of the Ros Product Theorem that, for any v > 0,
Is1 x(sp, k) (v) is bounded from below by the perimeter P(E) of the boundary 0E of
some region £ C (0,V)) x (0,00). The area of E, A(F), satisfies v = A(E) and §F is
a connected boundary curve along which v, is nonincreasing and v; is nondecreasing.
The enclosed region E is on the lower left of 6 E. Hence

P(E) < IS}IX(S}Q XR")(U)

where

(11) P(E) = /6 \/h2(v2)du% + 223,

and the area of the region FE is given by

AE) = [ [ avdes

Since each term in the square root of eq. is non-negative, we have

(12) P(E) > 2 / dvs

SE
and

(13) P(E) > / h(vg)duv;.
SE
Now, using the hypothesis 0 < 6,, < £,(r2) < 0y, we have from eq.

P(E) Z 2(ﬁn(r2) - 0m)7
and from eq. ,

P(E) > min{h(vg)}/ dvy > Isixgn (0m) Vi
v2 5B
That is,
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P(E) =z max{2(8,(r2) =bm), (V1) Isy xrn ()} = max{2(Bn(r2) =), (V1) Irns1(0n) }
where the last equality follows from the fact that Isy xge(0n) = Irn+1(0n) (since
Om < Bn(r2)). Hence, for the isoperimetric region 2 we have,

max{2(B,(r2) — Om), Vi Irnt1(0)} < P(E) < V"HH(0Q).

By Remark[3.5] there is a unique §* € (0, 8,(r2)) such that satisfies 2(3,(rs) —6*) =
Vilgn+1(6*), which is eq. (8). Note also that, as functions of 8,,, 2(B,(r2) — 0,,) is
decreasing while V} Ign+1(6,,) is increasing. This yields

(14) Vi Ige+1(0%) < max{2(Bn(re) — Om), Vi Ipnt1(0)} < P(E) < V"H0Q),
regardless of the value of #,,. One may obtain a similar result,
(15) VH(SL) Ignni (o) < P(E) < V™09,

being o* € (0, B,(r1)), such that satisfies eq. (9)), by following the same analysis for
the product of (S}, dt?) with (S}, x R",ds*+ gg) and using the hypothesis 0 < 7,,, <
Bn(r1) < o
Since both eqs. and occur, the conclusion of the Lemma follows.
[

We now prove some lower bounds for V**1(9Q) for the case where 0 < 6, <
Bn(r2) < Oy and 0 < 0, < B,(r1) < opr occur.

Lemma 3.6. Suppose 0 < 0,, < B,(r2) < Opr, and 0 < o,y < Bp(r1) < op. Then

(16) IS}QXR”‘H ('U) - 2ﬁn(r2) S [STllxs}Q < Rn" ('U)
and
(17) [S%I xRn+1 ('U) - 2ﬁn(r1) S [STllxs}Q < Rn" (U)

Proof. We construct a new closed region Q* C [, tmy2m,] X Sp, X R* C Rx S} xR,
with ¢, such that Fi(t,) = 6, > 0, in the following way. For ¢ € (0,27r;) let
QF = Also, let Q ., =€, and Qf =Q, .

Note that V*2(Q*) = V" 2(Q) and V" H(OQ*) = V" TLH(ON) + 2V TH(Q,, ) =
VrL(0Q) + 26,,.

Let v = V"2(Q). Since Q* is actually a closed set in [tn,, tmomr] X Sy, X R C
R x S}, x R™, it follows that

Iy xmni1(v) < VPEHOQ) = VHH(OQ) + 26,

Since 6,, < B,(r2), and € is isoperimetric, we have

Isy xrn1(v) = 2B,(r2) < Isy sres1(v) — 26, < Vi (09Q) = Is1 xsp xrn (V).
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Similarly, using 0 < 0, < B,(71) < o, one may embed €2 in Srll xR+ by replacing
g, with 2 copies of Qg , where F(s,,) = 0,,. Following the same argument as before,
one gets

Sm?

gy, s (0) = 28,(r1) < V(0Q) = Igy sy, cin (0).

We now prove a straightforward lemma that will be useful.

—1

Lemma 3.7. Leta,b > 0,n € N,n > 1. Consider the function ¢(x) = eR—qxe
There is a unique xo > 0 such that ¢(xo) = 0 and p(x) > 0 for x > xo. There is a
unique x1 > 0 such that ¢(x1) = b and p(x) > b for x > x1. Moreover xy < x;.

Proof. For the first claim, we note that for z > 0, ¢/(z) = 0 if and only if

T = ((” —1)(n+1) a>n<n+1) |

n2

Note that ¢(0) = 0 < b, and ¢(x) is decreasing for x > 0 until z; = (% a)™ ) >
0 and increasing after that. This implies the first and second claims.
For the third claim it suffices to remark that ¢(z) is still increasing after zy and
that p(z1) < 0= @(x9) < b= p(z1); since b > 0. It follows that zo < ;.
O

Remark 3.8. Note that since m and r2 are fized, equations @ and (@) are algebraic

equations on v of the type vl —a v =b, where a,b,n > 0. By Lemma they
have unique solutions vi* > 0; and I XRn+1( ) — fn( ) > 2Bn(r;) for v > v,

for i = 1,2, Also, Is wrnt1 (V) — fu(v ) 0 has a unique solution vy, > 0 and
Igi ymnt1(v) > fr(v) for v >y, fori=1,2. Lemmam 3.7 also implies vo, < v

We now prove Theorem [1.2]

Proof. Let Q C S} x S} x R"™ be an isoperimetric region. Consider the functions
Fy, F5 and the values 0,,, 0, 0., oy as before.

We begin with the case of big volumes. Let v** = max{a,,b,}, where a,, is such
that

(18) sy o (an) = fulan) = 26, (r1),

and b,, such that

(19) Iy, an+1( n) = Jn(bn) = 20n(r2).
By Remark for v > v*

(20) st carns(0) — fult) > 2600,

for i = 1,2. Hence, Lemmaexcludes the case 0 < 0, < B,(r) < 0y and 0 < o, <
Bn(r) < o Remark 3.8 also states that v** > vy, where vy = max{vy, ,vo, } and vy,
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is the unique v such that ]S;ixﬂgnﬂ(v) = fn(v). This implies that for v > v** > vy
1) sy e (0) > ful0).

Since Is1 xsp xre(v) < fo(v) for all v > 0, inequality excludes the following

cases, if V" 2(Q) > v**:
(1) 6,, =0 or 0,, = 0, by Lemma [3.1]
(2) Oar < Bu(r2) or Oy < Bu(r1), by Lemma [3.2]

Thus, the only case left if v = V"™2(Q) > v** is 0,, > B,(rs) or 0, > B,(r1), which
implies [ SL xS, xR" (v) = fu(v) by Lemma .

We now treat the case of small volumes.

Let vy = min{V""2(S} x B&HH) V2 (Briz))

Isoperimetric regions in S} x R™™! are either regions of the type Bjy** or S} x
BE, which are realizable in S} x Sp x R™™ if R < mry < 7rp. This implies
IS;1X5}2an+1(U) < ]S}IX]Rnle(fU) for v < v,.

Note that for R < mry, S x BE is a closed region in S}, x S} x R™.

Hence for v < v,

Is1 xsp xrn(v) < Isp xpnt1(v).

Lemma (3.1} implies that if 6,, = 0 or o,, = 0, then for v < v,
(22) [S}l i1 (V) < IS}IXS}QXR”('U) < IS}I xrr+1 (V).

By Lemma , for v < v, these inequalities are also satisfied if 0y, < 3,(r2) or

o < Bu(r).
Note also that for v < min{vs, vy, }, Lemma [3.3| excludes the case 6,, > f,,(r2) or
Om < Bn(r1). Otherwise we would have

Isi xrne1 (V) > fr(v) = Is1 xs1 xwn(v) < Isp xmo1 (V).
Finally, let ¢, be such that
IS}l XRTL(Cn) = K*,
where K* is the constant defined in Lemma [3.4]
Let v} = min{vy, ¢, vo, }. Then, for v < v¥,
IS%IX&}QXRTL(’U) < IS%I < Rn+1 (U) < K*.
By Lemma , this implies that the case 0 < 0, < B,(r2) < 0y and 0 < 7, <

Bn(r1) < oy is excluded for v < v
We conclude that for v < v},

IS}l xSt xRn (U) = IS,ll xRn+1 <U>
0

We now use these results to compute explicit lower bounds for the isoperimetric
profile of a manifold of the type (7% x R?, hy + go).
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FIGURE 2. I, (v) profile (solid line) is an upper bound for Ir2yg2(v).
The profile I3, (v) (dashed line) is a lower bound for I72,g2(v). Before
vy &~ 2.7 and after v** ~ 55.8, the isoperimetric profile of (7% x R?) is
equal to the I,.,(v) profile.

Example 3.9. Let (R? gg) be the 2-dimensional Euclidean space and (T* h) be
the 2-Torus with a flat metric, isometric to R/T" with T the lattice generated by
{{2/7,0},{0,2\/7}}. Using Theorem and its proof, one may make explicit esti-
mates of the isoperimetric profile of (T* x R% h + gs).

We are in the case ry = ry = \/LE, n = 2 of Theorem By solving eqs. |D and
(19) we get vi* ~ 55.84. We also compute vi ~ 2.70, using equations , (8) and
(9). The I (v) profile, given by I(v) = min{lsy «gs(v), f2(v)}, is an upper bound
for Iz gn(v), moreover, if v < vj or v > v3*, then Ir2yg2(v) = Iyp(v). The solid line
graphic of figure [2|is the graphic of I,.,(v). In this case fo(v) = 4m/v.

One may compute lower bounds for the volumes between v; and v3*. First, since
the Ricci curvature of (7% x R? h+ gg) is non-negative, it follows from a result by V.
Bayle ([2], p. 52) that the isoperimetric profile is concave. This implies that a line
joining the points (v*, Ly (v*)) and (v**, I, (v**)) is also a lower bound for I72,g2(v).

A better lower bound for I72g2(v) may be computed in the following way. Since the
isoperimetric profiles of (S?, g») and (T2, h) are known explicitly, it is straightforward
to check Ig2 < Ip2. Here, go is the round metric with radius r = 1. Since S? is a model
metric, it follows from the Ros symmetrization Theorem [19], that Ig2ype < Ip2yge.
On the other hand, it was proved in section 2.1 of [18] that Igs.p < Is2xgz, where
(S3,g3) is the 3-sphere with the round metric and radius r = 3. Tt follows that
Issr < Irzyge. The isoperimetric profile of Igs,r was computed in [13] and its
graphic corresponds to the the dashed graphic of figure 2] Moreover, using that the
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isoperimetric profile of (T? x R?, h+ gg) is concave, it follows that any line joining the
point (v, Iy (v™)) and the graphic of Igs,z(v) is also a lower bound for I72,gz2(v).
Similarly, any line joining the point (v*, Is,(v*)) and the graphic of Iz, g(v) is also
a lower bound for I72,g2(v).

These lower bounds gives us a fair idea of the shape of I72,2 in the interval (v}, v3*)
and are illustrated in figure

4. THE ISOPERIMETRIC PROFILE OF TF x R™

One may follow the arguments of the last section in order to understand the iso-
perimetric profile of 7% x R™ for small and big volumes. In this section we present
the proof of Theorem [I.3] that is, the case k = 3. The more general case, 2 < k < 5,
2<n<7-—k,is similar.

Let (1%, hg) = (S}, x S}, x S}, ds? 4 ds3 + ds3). Let Q be an isoperimetric region
in (T° x R" hg + gg). We parameterize S, , by [0,27r3) and consider slices €,

te [O, 2’/T7'3):

Q=N (S, xS, x {t} x R").
Then for each slice €, we may compute its (n + 2)-volume and define a function
F 0,27 r3) = R, by F(t) = V"%(Q;) and F(27r3) = V" 2(Qy).
Note that F'is continuous. Let 7, and 7, denote the minimum and maximum
values of F', respectively.

Lemma 4.1. Ifn,, =0, then ISthéanﬂ(V”*?’(Q)) < Vn(00Q).

Proof. Suppose n,, = 0. Let t, € [0,27rs] be such that F(ty) = n, = 0. We
construct a new closed region Q* C S} x S} X [to,to + 277r3] x R". We denote
QN (S}, x S, x {t} xR") by Q;. For t € [0,2nr3), let Q; |, = Q. Also, let
QF v omry, = Q. Q* is a closed region by continuity of F. Also, since V"2(Q,) = 0

we have V"2(0Q) = V" 2(992*) and V"2(Q) = V"2(Q*). Hence
(93) T st s (V) = T st mnt (VE(02)) < VI2(000°) = V722(00).
0

Let w} = min{v}, f,4+1(r1)}, where v} is as in the hypothesis of Theorem |1.3 and
Br+1(r1) as in eq. (2)). Hence, for v < w* we have

(24) Is1 xs1 xmn (v) = ]S}lanJrl(/U) = Ign+2(v)

Lemma 4.2. If gy < wy, then Isy xros2(V'3(Q)) < V2(09).

Proof. We symmetrize €2 by constructing a region Q0* as in the proof of Lemma [3.2]
We denote Q* N (S}, x S}, x {t} x R") by Q. Let Q = {t} x By}, where R(t) > 0
is such that V"2({t} x Bﬁf) = VT2(Q).

)
Note that
V7L+2(Qz<) — Vn+2(Qt>



ISOPERIMETRIC ESTIMATES IN LOW DIMENSIONAL RIEMANNIAN PRODUCTS 15

and since 7y < w}, each region {t} x BE&% is isoperimetric in {t} x S} x S} x R™,

that is V"1(9) < VHH0Q,).

Arguing as in the proof of the Ros product Theorem ([19]), we get

VB (QF) = VrH(Q) and V2(907) < V2(9Q).

This implies

Tgp s (VPH(Q)) = Iy s (V@) £ VPH2(00°) < V(00
U

Let g, be the function given by g, (v) = V"*(9(S}, x S}, x S}, x Bp)), where R

is such that V"*3(S! x S} x S| x Bj)) = v.

Lemma 4.3. Suppose 1, > v If V'3(Q) < B,(r5)VI(S})V(S),), then

IS}1X532><R71+1(V”+3(Q)) < V”*Q((‘?Q).
On the other hand, if V"*3(Q) > B,(rs)V!(S})V(SY),), then
(25) VI0Q) = g, (V).
Proof. We construct a new region Q*. We denote Q* N (S}, x S}, x {t} x R") by Q.
Let Qf = {t} x S}, x S}, x Bfy,), with R(t) such that V"*2(S; x S}, x Bj,) =
V(). Since n, > vi*, regions of the type S} x S} X Brp, are isoperimetric in
Sy xS} x R™ Arguing as in the proof of the Ros product Theorem ([19]), we get
Vn+3(Q*) _ Vn+3(Q) and Vn+2(aQ*) S V”+2(6?Q).

We now symmetrize Q*. Let (Q*)? = Q* N ({p} x S}, x R") where p € S} x S},.

Let p,q € S}, x S},. Note that (Q*)? = Ute&13 (Q;‘ N ({p} x {t} x B?%(t))) and

(Q%) = Utes}g (Q;‘ N ({q} x {t} x Bg(t))). Since R(t) is the same on both slices we
get,

(26) VIE((Q1)P) = VIE((Q)).
Since p, ¢ where arbitrary, this implies
(27) VrE(Q) = V() V(S VT (Shy)-

If V() < Bu(rs)VE(SE)VE(S},), then by eq. 27), V™" ((Q)P) < Ba(rs) and
hence balls Bj™ are isoperimetric regions in Sh xR

We construct a new region Q** such that (Q**)? = {p} x B, p € S}, x SL, with R
such that V"+1(BEH) = Vn+((Q*)P) (note that R is independent of p, by eq. )

Arguing as in the Ros Product Theorem, we then have V"3(Q**) = V"3(Q*) =
Vi3(Q) and VH2(0Q) < VT2(9QF) < VH2(9Q). This implies the first part of
the Lemma:

st ey s (V7)) < VI¥2(00).

On the other hand, if V"3(Q) > 8, (r5) VI (S}H )V (S} ) then by eq. 7)), V™ HH((Q)P) >
fn(r3) and hence S} x B} are isoperimetric regions in S}, x R™.
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We then construct a new region ** such that (Q**)? = {p} xS} x B}, p € S} xS,

with R such that V™ (S} x BR) = V"1 ((Q*)?) (R is independent of p, by eq. 3
Arguing as in the Ros Product Theorem, we get V"3 (Q*) = V3(Q*) = VH3(Q)
and V" 2(00*) < VP2(90*) < V2(9Q). This implies g, (V*3(Q)) < V7 H2(00Q).
Being () isoperimetric, we conclude that g,(V""3(Q)) = V"2(09Q).
0]

We now prove that the case 7y, > w], cannot occur for small areas of (2.

Lemma 4.4. Suppose that ny > w;.
Then there is some C* > 0 such that

V2 (00) > C*.
C* is independent of ). In fact, it depends only on ri,ry,r3,n and is given by
C* = 2(w, =17
where n* > 0 satisfies
(28) SV(SE) e (n') + 0 = w
Proof. The proof is similar to that of lemma |3.4 U

Remark 4.5. By remark: a solution to equation (@ exists and 1S unique.

We now prove a lower bound for the area of the region Q, V"*2(9Q), for the case
N, < UF.

Lemma 4.6. Suppose 0 < n,, < v:*. Then

(29) s st s (V) = 208 < V2(00)

Proof. We construct a new closed region Q* C S} X S} X [tm, tyyom,) X R C S} X
S} xR x R", with t,, such that F(t,,) = 7, > 0, in the following way. We denote
Q N (S), xSy, x {t} x R") by Qf. For t € (0,2nrs) let Qf ., = Q. Also, let
Qf opp = S, and QF =0 .

Note that V"3(Q*) = V"3(Q) and V™2(0Q*) = V"2(0Q) + 2V T2(€,,) =
VH2(99Q) 4 2n,,. Since Q* is actually a closed set in S} x S} x R x R", it follows
that

Ty s ot (VIFH(Q)) € VI2(007) = VI2(99) + 20,
Since 1, < v:*, we have eq. .

We now prove Theorem (1.3

Proof. Let Q C S} xS}, x S}, xR" be an isoperimetric region. Consider the functions
F, g, and the values n,,, Ny as before.
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We begin with the case of big volumes. By Lemma [3.7 and Remark [3.8] there exists
ur* such that for v > u)*
Is1 xsp o1 (v) = 2u7" > g, (v).
Being ) isoperimetric, we have V"1 (9Q) < g,(v). Hence, if V" 3(Q) > u**,
(30) 15%1 X SL, xR+ (VH3(Q)) — 205 > V' 2(00Q).

Hence, eq. (30) and Lemma 4.6| prevents n,, < v:* from happening if V""3(Q) >
ur*. This implies that for V"(Q) > w*, n,, > v and by Lemma [4.3] that

Vi (09) = g, (V7 ()).

We now treat the case of small volumes.

Suppose V"2(0Q) < C*. By Lemma 4.4 n,, < w?. This implies, by Lemma
and that

min{/s1 w1 xroti(0); Isy xrnr2(V)} < T wsp xosy, e ().

On the other hand, IS}lxR”+2(U) < IsgngHz (v) since 1 < rg and IsglanJrz(v) <
IS}l xSp, xR+l ('U)? if v < U;-i-l'

Hence, if V"*3(Q) < v, and V"2(9Q) < C*, we have

]5711 CR+2 (Vn+3(Q)) < 15%1 xS}, xS, X" (Vn+3(Q)).

Note also that if v < V(S} )V™(B,,), then isoperimetric regions in S} x R""* are
realizable in S} x S} x S} x R". Hence, in this case,

]5}1 CR7A+2 (Vn+3(Q)) > 15711 XS, xSk, xR (Vn+3(Q)).

Let ug > 0 be such that Is) ygn+2(ug) = C* and uj, = min{uo, v;,,1, V' (S;,) V*2(B)L2))}

We conclude that if V"3(Q) < u?,
IS}I «R+2 (Vn+3(Q)) = ]5}1 XS}, xS}, xRN (Vn+3(Q)).
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