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Abstract In this paper we study the problem of independence of twoicoatis
random variables using the fact that there exists a uniqpaladhat characterizes
independence, and that such copula is of Archimedean typeud# properties of
the empirical diagonal to build nonparametric independeests for small samples,
under the assumption that the underlying copula belondetdtchimedean family,
giving solution to an open problem proposed by Alsina et 2003, Aequationes
Math 66:128—140).

1 Introduction

A bivariate copulais a functionC : [0,1]? — [0,1] with the following proper-
ties: For everyu,v in [0,1], C(u,0) = 0 = C(0,v), C(u,1) = u andC(1,v) =,
and for everyup,uy,vy, V2 in [0,1] such thatu; < uy and vy < vp, C(Up,V2) —
C(uz,v1) — C(uz,v2) + C(ug,v1) > 0. Also, W(u,v) < C(u,v) < M(u,v), where
W(u,v) := maxu+v—1,0) andM(u,v) := min(u,v), whereW andM are them-
selves copulas, known as tReéchet-Hoeffding lower and upper boundsspec-
tively. The diagonal sectiorof a bivariate copuladc(u) := C(u,u), is a nonde-
creasing and uniformly continuous function §@,1] where: i) dc(0) = 0 and
0c(1) =1;ii) 0 < d¢c(up) — d¢c(u1) <2(up—uq) forall ug,uz in [0, 1] with ug < up;
iif) max(2u—1,0) < ¢ (u) < u. A copulaC is said to beArchimedeansee [17],
if C(u,v) = ¢-U[d(u) + ¢(v)], where ¢, called thegeneratorof the copula, is
a continuous, convex, strictly decreasing function frinl] to [0,] such that
¢(1) =0, and ¢!~ is the pseudo-inversef ¢ given by: ¢[~U(t) := ¢~ 1(t) if
0<t<¢(0),andp~U(t) :=0if $(0) <t < oo. Its diagonal section is given by
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dc(u) = ¢[-Y[2¢ (u)]. One may ask, as observed in [6], giv®nwhat can be said
about¢ ? The following result is part of what was proved in [9] and:[3]

Theorem 1.1f C is an Archimedean copula whose diagodadatisfiesd’(1—) = 2
then C is uniquely determined by its diagonal.

From now on we will refer to the conditiod’ (1—) = 2 asFrank’s condition An
important example of an Archimedean copula that satisfiaaks condition is the
case of the product copula(u,v) = uv, which characterizes a couple of indepen-
dent continuous random variables, via Sklar's Theorem , [@3§l so it is uniquely
determined by its diagonal sectidp (u) = u?. Frank’s condition is satisfied by 13
out of 22 copulas in the catalog of Archimedean copulas pexvby [17].

2 The empirical diagonal and some properties

In the case of Archimedean bivariate copulas, the diaga@dwio contains all the
information we need to build the copula, provided that Fimo&nditiond’(1—) = 2
is satisfied, and in such case this leads us to concentratigdyiisg and estimating
the diagonal. The main benefit of this fact is a reduction & dimension of the
estimation, from 2 to 1 in the case of bivariate copulas.
LetS:={(x1,Y1),-..-,(Xn,¥n)} denote a sample of sizefrom a continuous ran-
dom vector(X,Y). Theempirical copulas the functiorC, given by (see [17])

i) 1
Cn(ﬁ,ﬁ>_ﬁkzll{xkgxm,ykﬁwj')}v

wherex;) andy(j, denote the order statistics of the samplejfandj in {1,...,n},
and Cn(ln,O) = 0=Cy(0,1). The domain of the empirical copula is the grid
{0,1/n,...(n—1)/n,1}? and its range is the s¢0,1/n,...,(n—1)/n,1}.

Remark 1The domain of the empirical copulais just a rescaling of #t€@, 1, . . .,

n}. Hence the empirical copula can be thought as equivalentliscaete copula as
noticed in [15] and [16]. Moreover, an empirical copula iseample of an irre-
ducible discrete copula as defined in [13]. An empirical dajminot a copula, buta
(two-dimensionalsubcopulafor details of subcopulas see [17]. We should notice
also the following relationship between the empirical da@nd the empirical joint
distribution functiorHy, : Ca (3, ) = Ha (X, Y(j))-

Definition 1. The empirical diagonalis the functiondn(j/n) := Cn(j/n, j/n) for
j=0,1,...,n,anddn(0) :=0.

It is clear from above thad, is a nondecreasing function gf. Moreover,
by Fréchet-Hoeffding bounds for subcopulas we have that(2jgn — 1 ,0) <
on(j/n) < j/n, and it is also straightforward to prove that the differedg€(j +
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1)/n) — dn(j/n) equals one of the valug®,1/n,2/n}. These properties also fol-
low from properties of the diagonal section in discrete dagp@and quasi-copulas,
see [1] or [14].

We will call anadmissible diagonal patany path{dn(j/n): j=0,1,...,n} sat-
isfying the Fréchet-Hoeffding bounds, that is any pathween the paths
{max2j/n—1,0): j=0,1,...,n} and{j/n: j=0,1,...,n}, with jumps of size
0,1/n, or 2/n between consecutive steps. The proof of the following thewis in

[7]:

Theorem 2.Let S= {(Xy,Y1),...,(Xn,Yn)} be a random sample from the random
vector of continuous random variabléX,Y). If X and Y are independent and if
T =(to=0,t3,...,tn_1,th = 1) is an admissible diagonal path, then

10
Pr[T=(t0=0t,... th2.ta=1)] = — [ (i),
i

where, for j=1,...,n: f(j) =1if n(t; —tj_1) =0; f(j) =2(j —ntj_1) —1if

j =
n(tj—tj_1) =1;and f(j) = (j — 1— nt;_1)2if n(tj —tj_q) = 2.

3 A nonparametric test for independence under the
Archimedean family of bivariate copulas

In this section we give solution to an open problem proposef2] and [3]:

Can one design a test of statistical independence based @sshhmptions that the copula
in question is Archimedean and that its diagonal secti@(ig = u??

As a corollary of Sklar's Theorem, see [20, 19, 17], we knoat thX andY are
continuous random variables, thErandY are independent if and only if their cor-
responding copula i§(u,v) = uv. Itis customary to use the notatiéh(u,v) := uv.
and to call it theproductor independence copul&ecall that the product copula
is Archimedean and it is characterized by the diagonal sed (u) = U?. If we
are interested in analyzing independence of two continsaodom variables, the
previous results suggest to measure some kind of closeeéssdn the empirical
diagonal and the diagonal section of the product copulacgiehagr, a nonparametric
test of independence can be carried out, as suggested byl][2)sing the diag-
onal section. LefX,Y) be a random vector of continuous random variables with
Archimedean copulg&, then the following hypothesis are equivalent:

Ho: X andY are independent & H§:C=1 <& H§ :dc(u)=u? (1)

Using the results of the previous sections, we wish to prepostatistical test
based on the empirical diagonal because uttiewe know the exact distribution
of the empirical diagonal (Theorem 2) and so we could théaky obtain theexact
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distribution of any test statistic based on it. A first idea would be to woithva
Cramér-von Mises type test statistic based on the empdiagonal:

L iy iR
Cuh = rljzl@(a)‘ﬁ) ’ @

rejectingHo whenevelCvM, > k, for a a given test size. The performance of a
test based on (2) will be analyzed later in a short simulasmly. Under some
Archimedean families, a test based on (2) can be improvedrurettain alterna-
tives by the following idea: It is straightforward to verifigat unde g the expec-
tation E[dn(j/n)] = dn(j/n) = j2/n? so we define fofj = 1,...,n— 1 the quo-
tient £(j/n) :=|dn(j/n) — j?/m?|/(j/n—max2j/n—1,0)) as a way of measur-
ing pointwise closeness to independence, noticing thati#m®minator just stan-
dardizes dividing by the distance between the FrécheffHiog bounds at point
j/n, in the spirit of a correction as in [4]. It is straightforwatd verify that
0<&(j/n)<maxj/n,1—j/n)<1-—1/n.We propose as a test statistic

n-1 H
~1 28() @

rejectingHo whenevelS, > ki (a), for a a given test size. Before we proceed, let
us denote by (u) = uanddy(u) = max2u— 1,0) the upper and lower Fréchet-
Hoeffding diagonal bounds, respectively. koin [0,1] the average distance be-
tweendp (u) anddwu (u) is 1/6 while the average distance betwegnu) anddy (u)
is 1/12, this means that the diagonal that represents independgnce average,
twice closer to the lower than to the upper Fréchet-Hoeffdliagonal bound, thus
independence is far from being in the middle of such boundd,s» we should
consider the possibility of taking this into account in dafha test statistic. We
defineh(j/n) := (j/n—j?/n? /(j?/n®—max2j/n—1,0)) as a factor to be mul-
tiplied by &(j/n) for those observations for which,(j/n) < j2/n?, in order to
compensate somehow the non-equal closeness of the independiagonal to the
Fréchet-Hoeffding bounds. In other words, let us defitg/n) :=h(j/n)é(j/n) if
Bnlj/n) < 2/n2, andv(j/n) := &(j/n) if &n(j/n) > j2/m°.

We have thah(j/n) is symmetric with respect to/2 and that 1< h(j/n) <
h(1/n) =h(1—1/n) = n— 1. We now propose the following test statistic

n-1 i
w13 V() @

rejectingHo whenA, > kx(a), for a a given test size. The test statistics (3) and (4)
alone lead to biased tests of independence, but an apppadmbination of both
leads to an approximately unbiased independence testjiy the decision rule

rejectHp whenevelS, > ky or A, > ko, (5)
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where Prolf{S, > ki} U {A, > kz} |Ho) < a, for k; andk, chosen appropriately,
according to a given test size From their definitions it is immediate to verify that
0 < S < A, <3/4—1/4n. Even though the election dkj,k») is not unique, in
order to obtain an approximately unbiased test, a good ehoicthe alternative
hypotheses we will consider i&;,k2) such thata; = Pr(S, > ki |Hg) ~ Pr(A, >
ka|Ho) = a2. We cannot prove this in general for all possible alternatisice
the power of the test fof £ 6y depends on the distribution under the alternative
hypothesis, but it seems to work adequately in the followsirgulations for the
given alternatives.

Since the main goal of the present work is to give solutionh® apen prob-
lem proposed by [2], building the required independenck tes include a short
simulation study just to show that the proposed tests woitkout pretending that
they are extremely powerful, and we made some comparisaiasag few well-
known independence tests, without pretending that thegtitate an exhaustive list
of independence tests:

e Spearman’s test, see [11].
e The modified Hoeffding test as introduced in [5].
e Atestin [12].

The simulated power comparisons presented here were ebtaiith sample
sizesn = 1550, a = 0.05. Every Monte Carlo experiment reported here has
been simulated 10,000 times, using some one-parameteirdgdean and Non-
Archimedean copulas as alternatives. In both cases we wilider families of
copulas{ Cy } with one-dimensional paramet@rsuch that there exists a uniqfg
such thaCy, = I or limg_,g,Cy = I1. The null hypothesis (1) becomelg : 6 = 8
versus the alternativid; : 6 # 0.

We will denote by CvM and EGB the tests proposed by the autimof8) and
(5), respectively. Under some families of copulas, there idear outperformance
of EGB over CvM, for example, with the Raftery family as aftative; but under
some other families it is almost the opposite, for examplth e Frank family as
alternative, see Fig. 1. The proposed tests EGB and CvM wildmpared against
the already mentioned tests: R (Spearman), B ([5]), and 2]]1

Archimedean alternatives. We compared the test powers fidg : 6 = 0 against
H;y : 8 # 0 under the following alternative families of Archimedeaspalas, for
details see [17]: Clayton, Frank, Nelsen’s catalog numk&i74Ali-Mikhail-Haq,
and Gumbel-Barnett. In all cases these copulas sadighy I if and only if 6 =0,
or limg_,oCq = I, and satisfy Frank’s conditiod’(1—) = 2. For example, for the
Clayton family see Fig. 2.

Non-Archimedean alternatives. An obvious question is what happens with the
proposed EGB and CvM tests outside the Archimedean worlgréged in [10]

it is possible to build copulas different from the produatifadependence) copula
I1(u,v) = uvwith the same diagonal d3 , but they are singular, and such copulas
rarely appear in real problems. What really might be an issuthe proposed EGB
and CvM tests is the fact that there are absolutely contisnon-Archimedean cop-
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Alternative: Raftery n =50 Alternative: Frank n =50
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Fig. 1 Left: EGB vs CvM under Raftery. Right: EGB vs CvM under Frank.

Alternative: CLAYTON n =50

power

0.0 02 04 06 08 1.0

-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

theta
—————— EGB oooCvM (squares) B (solid circles) R (triangles) V

Fig. 2 All tests under Clayton.

ulas which have the same diagonalasas provedin [8], or as a consequence of the
resultsin [18], so outside the Archimedean world the preddsGB and CvM tests
may face dependence structures that they will not be ableteztd Anyway, we per-
formed similar simulation studies under some well-known-+#agchimedean fami-
lies of copulas, with surprising results. We compared teegewers foHg : 6 = g
againstH; : 8 # 0y under the following alternative non-Archimedean familgds
copulas: Raftery, Cuadras-Augé, Farlie-Gumbel-Morgemsand Plackett (for de-
tails of these families see [17]). In all cases these copmatsfyCy = I7 if and only

if 8 =6, orlimg_,oCg =T, with 8 = 0 for the first three families, anfly = 1

for the last one.

Summary of results. We made a summary of the power comparisons in the format
suggested by [12]: For each test statistic, we have catulitae difference between
the power of the test and the maximal power of the tests urateideration at the
given alternative. For each graph this difference is mazé@aiover the alternatives

in the graph. This number can be seen as a summary for theibebéthe test in
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that graph, although of course some information of the grajdst. In Table 1 we
present percentage differences in maximal power of thedists inder comparison
at various alternatives, so that the lower the differencalmer in the table, the better
is the relative performance of the test.

Table 1 Relative power performance

n =15 Alternative Copula EGB CvWW R B V
Clayton 31 43 35 78 50
Frank 40 37 34 75 54
Nelsen 4.2.7 36 49 5 77 9
Ali-Mikhail-Haq 43 37 33 76 55
Gumbel-Barnett 24 45 13 78 44
Raftery 19 29 29 5 31
Cuadras-Augé 25 25 37 0 41
Farlie-Gumbel-Morgenstern 48 37 32 77 57
Plackett 42 38 33 73 53

n =50 Alternative Copula EGB CvWW R B V
Clayton 27 32 24 56 44
Frank 42 27 24 50 52
Nelsen 4.2.7 28 49 22 70 15
Ali-Mikhail-Haq 40 28 24 50 53
Gumbel-Barnett 20 33 8 58 42
Raftery 4 31 32 20 34
Cuadras-Augé 12 16 32 8 37
Farlie-Gumbel-Morgenstern 44 26 25 51 53
Plackett 40 26 18 43 49

In practice, when using a nonparametric test for indepecelam usually do not
know what alternative we are dealing with, so what is valaaiout a test is its
ability to maintain an acceptable performance under difiemlternatives, rather
than being the best under specific ones. In this sense, itssinin general terms,
the R test would be the best choice among the tests consjdeltedied by the EGB
and CvM proposed tests.

4 Final Remark

If the underlying copula of a random vect@X,Y) is of the Archimedean type,
independence tests can be carried out by defining apprepesttstatistics based on
the empirical diagonal. Such statistics are discrete naneariables and theexact
distribution may be obtained using Theorem 2, so no asymptotic approxingat
are required, which may be specially helpful with small skasp
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